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This paper presents a method for estimating the pressure variance at the inner edge of a neutron star crust.
The obtained results quantify uncertainty in the estimation of pressure at the core-crust interface, implying that
they depend on the selected equation of state and the neutron star’s mass distribution function. The quality of the
transition pressure determination depends on the neutron star’s mass, with a significant decrease in accuracy for
configurations with masses close to 2M. The method used makes it possible to control the theoretical part of
the core-crust pressure dispersion in determining the observational quantities.
DOI: 10.1103/PhysRevC.104.035802
I. INTRODUCTION
Einstein’s equations for static spherically symmetric star
lead to the relativistic form of hydrostatic equilibrium equa-
tions, the solution of which requires supplementing with the
equation of state (EoS) and allows not only to determine
global parameters of a neutron star, such as mass and radius
but also at least theoretically to analyze its internal struc-
ture. In general, the construction of a theoretical model of
a neutron star requires knowledge of the EoS for a wide
range of densities. Typically, different theoretical models are
used to describe matter in different density ranges [1–3]. The
selection of an appropriate EoS is adequate to the physical
conditions prevailing in a given region of a neutron star, whose
schematic cross section allows to distinguish its two main
parts: the crust and the core. A concise description of neutron
star crust must take into account its division into the outer
and inner part. The outer crust with density ρ < 106 g cm−3
is a region with Coulomb lattice of heavy nuclei being in
β equilibrium with relativistic degenerate electron gas [4–6].
The inner crust, being understood as the region whose den-
sity is in the range between the neutron drip density ρdrip
and the density ρt at which the transition to homogeneous
nuclear matter occurs, consists of a lattice of neutron-rich
nuclei together with a superfluid neutron gas and electron
gas. The inner edge of a neutron star’s crust in the physical
system of a neutron star matter represents the boundary in
between the homogeneous matter at high densities and the
inhomogeneous one at low densities. Due to the very com-
plex structure of the inner crust, it is a very difficult task
*ilona.bednarek@us.edu.pl
to determine this transition density basing on the detailed
forms of the equations of state of the nonuniform matter in
the crust and matter of the uniform liquid core [7–14]. The
neutron drip density ρdrip is quite well known in contrast to the
transition density ρt , the value of which is highly uncertain.
The uncertainty is mainly due to insufficient knowledge of
the EoS. This causes the observations of neutron stars to be
of special importance as they offer unique opportunities to
study properties of dense matter under extreme conditions
of density and isospin asymmetry, unattainable in ground-
based experiments. Only simultaneous neutron star mass and
radius measurements could impose significant constraints on
the form of the EoS of neutron star matter, especially in the
high-density range. A thorough understanding of the inner
structure of a neutron star becomes achievable from the point
of view of new possibilities, especially observational ones, the
results of which will complement the mass and radius data.
One aspect of analyzing the internal structure of a neutron
star is understanding the physical properties of its crust. As
the crust contains matter with density ρ < ρ0, where ρ0 is the
saturation density, its physical properties can be carried out
based on models and methods developed for nuclear physics.
The involved theoretical models and results of ground-based
experiments are subject to certain uncertainties, translating
into uncertainty in determining the crust parameters. This
theoretical uncertainty is additionally combined with the un-
certainty resulting from astronomical observations. From the
observational point of view, new potential limitations on a
neutron star’s internal structure have to be linked to properly
selected phenomena that are of crustal origin [15].
An important parameter characterizing a neutron star’s in-
ner structure is the pressure at the crust’s inner edge Pt . It
was shown that it is directly related to the value of the crustal
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where M and R are neutron star mass and radius, m denotes
baryon mass and ξ = GM/Rc2.
Correctly estimating the magnitude of the crustal fraction
moment of inertia is a decisive factor that can validate phe-
nomena related to a neutron star’s crust region. One of the
most important phenomena of this type is pulsar glitching,
understood as a sudden increase in a neutron star’s rotational
frequency resulting from the transfer of angular momentum
from the superfluid neutron reservoir to the crust.
For the model to be reliable, it is necessary to estimate
the appropriate neutron star crust thickness required to store
a sufficient amount of angular momentum to explain large
glitches observed in some pulsars. In this case, one expects
that a significant fraction of neutron star moment of inertia is
related to the superfluid component of the crust [20]. Another
way that indirectly allows the crust thickness to be estimated is
an observation of neutron stars in X-ray binaries. Accretion of
matter from the companion star causes the neutron star crust
to heat up and allows for the analysis of its thermal history
[21]. In particular, the observation of the binary system KS
1731-260 detected in quiescence [22] indicates the possibility
of measuring the cooling timescale of the crust and the total
amount of heat stored in it [23]. Considering that theoretical
estimates show the dependence of the cooling timescale on the
crust thickness, the precise determination of the crust extent
allows for the proper understanding of its thermal properties.
There is an analytical estimate of the transition pressure
expressed by the properties of nuclear matter. In general, the
energy per nucleon of asymmetric nuclear matter E (ρ, δa) can
be represented as a Taylor expansion in asymmetry parame-
ter δa = (ρn − ρp)/ρ, where ρ = ρn + ρp denotes the baryon
density, ρn and ρp are neutron and proton densities:
E (ρ, δa) = E (ρ, 0) + Esym(ρ)δ2a . (2)
The use of the quadratic polynomial (2)—the parabolic ap-
proximation (PA)—in many cases is sufficient to provide a
good approximation of the function E (ρ, δa). The advantage
of this approach is the possibility of decomposing the function
E (ρ, δa) into the part that describes the symmetric matter
E (ρ, 0) and the isospin-dependent one. Expansion of func-
tions E (ρ, 0) and Esym(ρ) into Taylor series around saturation
density ρ0 allows one to write them as follows:



















The analytical form of pressure Pt ≡ P(ρt ) [18,19] clearly
indicates its dependence on the incompressibility K0 of sym-
metric nuclear matter and the parameters characterizing its
isospin-dependent part—the value of the isospin asymmetry δt
specified for the transition density ρt , symmetry energy Esym
and its slope L:






















Since an EoS is a decisive factor determining neutron star
properties, it is natural for the existence of correlations be-
tween these properties and parameters that characterize the
EoS [24]. In the context of the selected, mentioned above
observables, correlations with parameters of the EoS and the
properties of neutron stars such as the core-core density and
pressure, radius, and cooling rate are expected to provide
the most information about the structure and properties of
the crust. By citing only some of the research results, the
conducted analysis showed the existence of correlations with
the crust-core transition density and the slope of the symmetry
energy at saturation density L0 = L(ρ = ρ0) [25,26], transi-
tion pressure and the linear combination of the slope L0 and
curvature Ksym of the symmetry energy at the subsaturation
density ρ = 0.1 fm−3, the radii of low mass neutron stars with
the symmetry energy slope L0 [27], and neutron star radii and
linear combination of incompressibility K0 and the slope L0
[28].
The main source of uncertainty in estimating the crust
thickness is insufficient knowledge of the EoS and the values
of density and pressure at the crust-core intersection. It has
also been shown that the methods used to approximate the
form of EoS affect the accuracy of locating the inner edge of
the neutron star’s crust, i.e., the value of the transition density
ρt and the corresponding transition pressure Pt [19,29]. One
of the reasons for this is that the approximation method used
affects symmetry energy [30]. In this paper, an analysis of
pressure dispersion based on other factors is presented.
Firstly, the determined pressure dispersion at the core-crust
interface results from the fact that one can build the equation
based on a whole class of models, not just one particular
model in this class. Secondly, under the assumption that the
chosen model reasonably well describes properties of neutron
star matter and can represent this class of models, allows one
to study the influence of all other models from the given
class. Consideration, motivated by the actual distribution of
star configurations of the entire class of models, allowed
one to analyze pressure dispersion based on the mass distri-
bution function of neutron stars. Previously, the analysis of
the neutron star mass distribution pointed out that there is a
significant signal in the data for the existence of the bimodal
distribution of neutron star masses described by the Gaussian
mixture model. This mass distribution function also indicates
the existence of a sharp cut-off at a maximum neutron star
mass, which, if interpreted as the maximum stable neutron
star mass, can put constraints on the EoS. This paper aims to
quantify the core-crust pressure dispersion. Using the bimodal
mass distribution selected in [31] the approximate confidence
bands [32] for the pressure, i.e., the confidence intervals over
the entire range of neutron star masses were calculated.
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II. THE EQUATION OF STATE
The lack of QCD predictions for nuclear systems imposes
the continuous development of various theoretical models,
which, taking into account the results of existing experimental
data would allow for reliable reproduction of atomic nuclei
and neutron stars’ properties. Concerning systems of such a
high degree of complexity, these models offer various mod-
eling scenarios. In general, they can be divided into different
classes, one of them being relativistic quantum hadrodynam-
ics (QHD) models. A certain way of grouping these models
and distinguishing them based on their parameters is pre-
sented in the paper of Dutra et al. [33]. This class of models
is considered as a type of hierarchical models distinguish-
able according to parameters determining the EoS. One can
write the energy density of these models in a very general
form E∗ ≡ E∗[], where  = (ξ1, ξ2, . . . , ξd ) that defines
a particular class of models is the vector in d-dimensional
parameter space. The function representing the energy den-
sity of the ith model belonging to this class has a form
Ei ≡ E∗[i]. In this case, vector i has ki nonzero compo-
nents (for kmin  ki  d, ξk = 0), where kmin is the minimal
number of necessary parameters in this model. The maxi-
mal model has all components of vector  different from
zero. The selected model examined in this paper is denoted
with subscript 0 (E0 ≡ E∗[0]). It lies somewhere in the hi-
erarchy of models. Different variants of individual models
contain parameters that determine the coupling between dif-
ferent types of mesons. Examples include self-interactions of
scalar mesons, self-interactions of vector mesons, or models
with meson cross-terms [33]. Particular models differ in the
parameters involved. The archetype of these models, the linear
Walecka model, pertains to nucleons interacting through the
scalar and vector mesons’ exchange. The EoS of asymmetric
nuclear matter applied to further analysis performed in this
paper is obtained based on a more sophisticated model that
considers the extended sector of nonlinear vector and scalar
interaction terms. These additional couplings between mesons
are indispensable to get results that comply with experimental
constraints. In general, a characteristic feature of relativistic
models is that they are constructed based on a set of param-
eters selected to describe both the properties of bulk nuclear
matter and finite nuclei correctly. As a result, most models
give similar results around saturation density ρ0. However,
their predictions vary considerably at high densities, such
as those found inside neutron stars. The choice of the con-
sidered model’s parametrization (model distinguished by the
parametrization 0) is justified by the necessity to reproduce
the properties of nuclear matter and finite nuclei satisfactorily.
The selected saturation properties calculated based on the
TM1 model in the case of symmetric nuclear matter are as
follows: saturation density ρ0 = 0.145 fm−3, binding energy
E0(ρ = ρ0) = −16.26 MeV, incompressibility K0 = 281.3,
m	 = meff/M = 0.63. The main properties of the isospin-
dependent part are the symmetry energy Esym = 36.89 MeV
and its slope L = 110.79 MeV. The mixed isoscalar-isovector
coupling has been introduced to meet the experimentally ac-
ceptable value of the symmetry energy parameters [34–36].
This coupling supplements the isovector part of the model and
TABLE I. The TM1 parameter set [39] applied in this paper. All
meson masses are given in MeV.
σ mσ = 511.198 gσ = 10.029 g2 = 7.2327 fm−1 g3 = 0.6183
ω mω = 783 gω = 12.614 c3 = 71.308
ρ mρ = 770 gρ = 9.2644
remodels the symmetry energy dependence on density. It is
determined by the combination of parameters V , gρ and is
fixed for the symmetry energy Esym(ρ) = 25.68 MeV at the
baryon density ρ, which corresponds to the kF = 1.15 fm−1.
The TM1 parameter set is presented in Table I [39].
Interactions in the system can be described by the La-












−Ueff (ϕ, ωμ, ρμ). (5)
This form of Lagrangian density, compared to the archetype
of the model, contains additional nonlinear meson interaction
terms that are gathered in the function Ueff (ϕ, ωμ, ρμ). Its
explicit form is as follows:
Ueff (σ, ω, ρ) = 13 g2σ 3 + 14 g3σ 4 − 14 c3(ωμωμ)2−






The field equations calculated for the considered model
were solved in the mean-field approximation. In this approach
the meson fields operators are replaced by their expec-
tation values: σ → 〈σ 〉 ≡ s, ωμ → 〈ωμδμ0〉 ≡ w, ρμa →
〈ρμaδ0μδ3a〉 ≡ r. This leads to the equations of motion, which
have to be solved self-consistently,
m2σ s + g2s2 + 3s3 = gσ ρs, (6)
m2ωw + c3w3 + V (gωgρ )2r2w = gωρ, (7)
m2ρr + V (gωgρ )2w2r = gρδaρ, (8)
(iγμ∂
μ − meff (s) − gωγ 0w − gρI3Nγ 0τ 3r)ψN = 0. (9)









k2 + m2eff (s)
) , (10)
where gs is the spin-degeneracy factor, kF,N the nucleon Fermi
momentum, kF,N = (6π2/gs)1/3ρ1/3, N = n, p (given in units
in which h̄ = c = 1), and the nucleon effective mass meff =
mN − gσ s [40]. The baryon density equals ρ = ρn + ρp. The
obtained solutions allow the determination of the energy den-































k2 + m2eff (s), (11)
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k2 + m2eff (s)
. (12)
III. ESTIMATION OF THE VARIANCE OF THE PRESSURE
AT THE NEUTRON STAR CORE-CRUST INTERFACE
For a given EoS, which relates the energy density E to
the pressure P, a suitable neutron star model can be obtained
by solving the Tolman-Oppenheimer-Volkoff equation repre-





















= 4πr2E (r). (14)
Equation (14) gives the mass enclosed by a sphere of radius
r and consequently the total mass of the star can be defined as
μ = m(r = R) =
∫ R
0
4π r2 E (r) dr, (15)
where R is the star radius. For the performed calculations,
the ensemble of neutron stars in the neighborhood of a star
with the given mass μ is considered. The mass of a star taken
randomly from this ensemble is denoted by μ′. Both stars
with masses μ and μ′ lie on the μ − R curve, which has
been obtained as a solution of Eq. (13) for a given EoS. The
difference in masses μ = μ′ − μ, can be represented by the
relation
μ = μ′ − μ =
∫ R′
0
4π r2 E ′(r) dr −
∫ R
0




4π r2 δE (r) dr +
∫ Rc+l ′c
Rc+lc




4π r2 E ′(r) dr = I1 + I2 + I3. (16)
In equation (16), Rc and Rc′ denote the core radius while l
and l ′ denote the crust thickness for both μ and μ′ config-
urations, and the following relations hold R ≡ Rμ = Rc + lc,
R′ ≡ Rμ′ = R′c + l ′c, δE (r) = E (r) − E ′(r). The relation
δRc = R′c − Rc (17)
allows R′ to be expressed as R′ = Rc + δRc + l ′c.
The energy densities E (r) and E ′(r) are smooth functions
of r both in the core and crust. Thus, it is convenient to write










separately for the crust and core with the sewing conditions
at their interface, i.e., ak = acorek for r  Rc and ak = acrustk
for Rc < r  R (and a′k = a′corek for r  R′c and a′k = a′crustk
for R′c < r  R′). Then, all indefinite integrals used in the
calculations of integrals in Eq. (16) have the same analytical
form and the integrals Ii, i = 1, 2, 3 in Eq. (16) resulted as the



















where b depends on the limit in the particular integral. In
the performed numerical calculations both functions E (r) and
E ′(r) have been approximated separately in the core and in
the crust by the truncated power series of high enough degree.
The mass difference μ obtained from Eq. (16) has the form
μ = μ′ − μ ≈ 4 π (Rc + l ′c)2 Ẽc δRc + Iμ′μ , (20)
where Iμ′μ = I1 + I2. Expanding I3 to the first power of δRc
leads to the equation,
I3
4 π (Rc + l ′c)2




a′k (Rc + l ′c)k
)
δRc, (21)
where Ẽc = E ′(r = Rc + l ′c).
The estimator of the pressure variance σ 2(Pt ) at the core-
crust interface is constructed below. The estimation is based
on the model of EoS selected from the given class of models
E∗(). This chosen model (with index “0”) is proposed as
an approximation to the true one in the same sense that the
type II regression function approximates the type I regression
function, which is the truly unknown. That means the pressure
Pt,0 at the core-crust interface in the given model (with the
energy density denoted by E0) approximates the expectation
value [37], i.e., Pt,0 ≈ E (Pt ).
While Pt,0 is proposed as the approximation of E (Pt ), the
variance σ̂ 2(Pt ) constructed in this paper is the model-based
estimator of the true variance σ 2(Pt ) [37]. It will be shown
that σ̂ 2(Pt ) depends on μ.
Each mass μ′ distinguishes a subpopulation of neutron
stars with this mass value. The functions Ei(r) that represents
the radial dependence of the energy density for each ith model
(Sec. II) are solutions obtained for configurations with differ-
ent masses μ′, based on theoretical models belonging to the
considered class of models. The chosen model “0” leads to
the solution E0(r). One can assume that each of the functions
Ei(r) could be written as follows:
Ei(r) = E0(r) + δEi(r), (22)
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where δEi(r) denotes the differences in energy of each ith
model that belongs to E∗[] and E0(r). The Taylor expansion
of the function Ei(r) around Rc = Rc(μ), which denotes the
core radius calculated based on model “0” for the configura-
tion with mass μ leads to the following relation:
Ei(r) = E0(Rc) + δEi(Rc) + dE0(r)
dr
|r=Rc (r − Rc)
+ dδEi(r)
dr
|r=Rc (r − Rc) + . . . . (23)
For r = R′c this equation reads
Ei(R′c) = E0(Rc) + δEi(Rc) +
dE0(r)
dr
|r=Rc (R′c − Rc)
+ dδEi(r)
dr
|r=Rc (R′c − Rc) + . . . . (24)
Considering models Ei that belong to the E∗() class, the
pointwise mean of all different models (i.e., in r = R′c) can be
determined. Then, the assumption that E0(r) gives the solid
estimation of the true unknown energy density function means
that
Ei(r) = E0(r), δEi(r) = 0, dδEi(r)
dr
= 0. (25)
From Eq. (24) stems that the difference E between the value
Ei(R′c) = E0(R′c) and E0(Rc) that is calculated at Rc for μ-mass
configuration, is equal to
E = Ei(R′c) − E0(Rc) = E0(R′c) − E0(Rc)
= dE0(r)
dr
|r=Rc δRc + ..., (26)
where δRc = R′c − Rc. When E in Eqs. (16)–(21) is given by
E0 then δRc, Eq. (17), can be determined from Eq. (20). Then,





















4 π (Rc + l ′c)2 Ẽc
)2
+ ..., (27)
where in the second line the relation (20)
̃μ = μ − Iμ′μ = μ′ − μ̃ (28)




























4 π (Rc + l ′c)2 Ẽc
)4
+ .... (29)
The values of higher-order terms are roughly of an order of
magnitude lower then the linear term and in further analysis,
only the linear term is kept in Eq. (29).
The Taylor expansion of the pressure function P(Ei(r))
around E (Rc) in the Pt dispersion analysis gives for the means,
i.e., as the consequence of (26), the equality
Pt ≡ P(Ei(R′c))
= P(E )|R′c = Pt,0 +
dP
dE |E (Rc ) E, (30)
where Pt,0 = P(E (Rc)). This gives the mean variation taken
over all Ei models at the core-crust interface of a neutron star
with the mass μ:
Pt = Pt − Pt,0 = dP
dE |E (Rc ) E . (31)
The aim of this paper is to calculate the variance σ̂ 2(Pt ) =
Ê{(Pt )2} [37], for the discussed ensemble of neutron
stars. The mean Ê{(Pt )2} is taken over all stars of mass μ′.
Basing on the results from Eq. (29), the pressure variance for
the star with the fixed mass μ can be obtained:






































and neglecting the terms proportional to P/c2 in Eq. (13)









and thus Eq. (32) takes the following form:














Computing the pressure variance (32) requires knowledge
of the mass μ′ distribution. The model selection analyzes for




ri N (μ′|μ̄i, σi ) (μ′ − μ′max)/i (36)
was performed in [31]. Here, θ =
{(μ̄i)ni=1, (σi )ni=1, (ri )ni=1, μ′max} and μ̄i, σi, and ri are the
mean, standard deviation, and relative weight of the ith
Gaussian component, respectively, i = 1, 2, ...n. N denotes
the Gaussian density and  is the Heaviside function.
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FIG. 1. The dependence of the standard deviation σPt of the tran-
sition pressure on the mass μ. The comparison of the results obtained
for the heavy mode only vs bimodal distribution is given. Only in the
vicinity of the minimum of σPt , the results obtained for both types
of neutron mass distributions are similar. Better visualization of the
effect of the distribution type in this vicinity is given in Fig. 2.
The normalization constants i ≡ (μ̄i, σi; μ′min, μ′max) are
integrals over the Gaussian components (which take into
account the allowed NS mass range):





N (x|μ̄, σ ) dx (37)
and the normalization of the distribution requires that∑n
i=1 ri = 1. In [31], the minimal mass taken into account is
equal to μ′min = 0.9 M and the n = 2 components Gaussian
mixture model with a cut-off at μ′max was selected. This model
has the following estimates of parameters (only mean values
are quoted) [31]: n = 2 components, μ′max < 2.9 M, μ̄1 =
1.34 M, μ̄2 = 1.80 M, σ1 = 0.07, σ2 = 0.21, r1 = 0.65,
μ′max = μmax = 2.12 M.
To calculate σ 2(Pt ) for each particular value of μ, the















had to be generated numerically from the distribution of μ′
given by Eq. (36). The results correspond to the pressure
dispersion at the core-crust interface due to the inclusion of
neutron star configurations calculated based on other mod-
els from the E∗[] class of models. The dependence of the
standard deviation σPt :=
√
σ̂ 2(Pt ), Eq. (32), on the mass μ
is presented in Fig. 1. This figure shows the existence of
two minima, the shallow one at μ = 1.21 M with σPt ≈
1.6 × 1031 dyn cm−2, and the other one at μ = 1.81 M with
σPt ≈ 1.78 × 1031 dyn cm−2. The standard deviations for two
stellar configurations: for μ = μ̄1 = 1.34 M, i.e., for the
maximum of neutron star lower mass mode distribution, and
for μ = μ̄2 = 1.8 M, i.e., for the maximum of neutron star
higher mass mode distribution, are given in Table II. To better
TABLE II. The standard deviation σPt for the chosen stellar con-
figurations with mass μ.
μ σPt
μ̄1 = 1.34 M 1.75 × 1031 dyn cm−2
μ̄2 = 1.8 M 1.79 × 1031 dyn cm−2
visualize the impact of the type of neutron star mass distri-
bution on the dispersion of Pt , the function of σPt on μ in
the interval μ̄2 ± σ2 = (1.59, 2.01) × M, i.e., around the
maximum of the neutron star heavy mode mass distribution, is
presented in Fig. 2. This figure comprises the results obtained
for the heavy mode only versus bimodal distribution. It shows
that only in the vicinity of the minimum of σPt , the results ob-
tained for both types of neutron mass distributions are similar.
The analysis also shows that the quality of the Pt estimation
at the core-crust interface deteriorates rapidly for neutron star
masses, which are greater than ∼2.02 M. This is illustrated
in Fig. 1 and Fig. 3. Eq. (35) implies that the factor 1 − rgRc
in the denominator is one of the sources of the deterioration
of the accuracy in finding the variance of pressure for the
heaviest stellar configurations. When changing the mass from
μ = 0.9 M to μmax = 2.12 M, this factor diminishes about
twice. In Fig. 3 the dependence of the relative dispersion
σPt /Pt,0 on the neutron star mass μ is plotted. Using Eq. (38)
and the distribution of μ′ given by Eq. (36), the distribution of
Pt for each particular mass μ was obtained. This enables ob-
taining the probability PσPt ≡ P (Pt,0 − σPt < Pt < Pt,0 + σPt )
for each mass μ. The dependence of the probability PσPt on
neutron star mass μ is depicted in Fig. 4. Having PσPt for
each μ, the confidence bands Pt,0 ± σPt [32], for the core-crust
interface pressure, presented in Fig. 5, gains the probabilistic
meaning. It means, assuming that the considered theoretical
model of the neutron star indexed by 0 is the solid one and
the μ′ mass distribution (36) is correct, that the percentage of
stars of mass μ with Pt falling into the range (Pt,0 − σPt <
FIG. 2. The dependence of the standard deviation σPt of the
transition pressure at the core-crust interface on the mass μ for
the mass range μ̄2 ± σ2 = (1.59, 2.01) × M is shown. The results
were obtained for both the bimodal distribution function and the
heavy mode alone.
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FIG. 3. The dependence of the relative standard deviation
σPt /Pt,0 calculated at the core-crust interface on the mass μ. The
bigger the value of σPt /Pt,0, the worse is the quality of the pressure
Pt estimation. The calculations were performed for the bimodal dis-
tribution function.
FIG. 4. The dependence of the probability PσPt ≡ P (Pt,0 −
σPt < Pt < Pt,0 − σPt ) on the mass μ. The calculations were per-
formed for the bimodal distribution function.
FIG. 5. The confidence bands Pt,0 ± σPt for the pressure Pt at the
core-crust interface calculated for the bimodal distribution function.
Pt < Pt,0 + σPt ) should be around PσPt × 100% for a large
sample. At the same time, the probability of a finding of
any particular physical μ-mass star configuration with the
core-crust pressure Pt  Pt,0 − σPt or Pt  Pt,0 + σPt should
be around 1 − PσPt [42].
Finally, there are two sources of errors in the calculation
of σ 2Pt given by Eq. (35), the theoretical and numerical ones.
The main theoretical error arises from neglecting higher-order
terms in Eq. (29) that leads on average to approximately 10%
error in the calculation of (E )2. This average denotes the
arithmetic mean over the μ masses. The numerical error is
connected with the fact that in calculations the expectation
value in Eq. (35) was replaced by the mean over the finite
number of star configuration masses μ′. On average (in the
μ masses) this gives the mean numerical error equal approxi-
mately to 5%. The theoretical and numerical errors contribute
to the error of σ 2Pt in Eq. (35) independently and therefore
the total error given by the Pythagorean formula is of the
order of (
√
0.12 + 0.052)100% ≈ 11%. Likewise the error in
the estimation of the probability PσPt ≡ P (Pt,0 − σPt < Pt <
Pt,0 − σPt ) depicted in Fig. 4 is on average (in the μ masses)
equal approximately to 11%.
IV. CONCLUSIONS
In this paper, a method of determining the variance σ 2Pt ≡
σ̂ 2(Pt ) of pressure Pt at the core-crust interference was devel-
oped. Using the model of the EoS selected in Sec. III the Pt
pressure dispersion σPt at the core-crust interface was recon-
structed based firstly on the class of EoS models that includes
the TM1 model and secondly on the observed neutron star
mass distribution function given by Eq. (36). In the next step,
the probability PσPt of finding of the particular μ-mass star
configuration with the core-crust pressure Pt,0 − σPt < Pt <
Pt,0 + σPt , was determined. This enabled the interval estima-
tion of the value of pressure Pt as a function of neutron star
mass μ, i.e., the confidence bands Pt,0 ± σPt were constructed.
The conducted analysis allows us to conclude that the ob-
tained results depend on the neutron star mass μ. The least
accuracy in determining the pressure Pt is obtained for the
heaviest stellar configuration. It was noted that one of the
factors that influences the quality of the transition pressure
determination is the neutron star mass distribution function.
As the transition pressure Pt is model dependent, the
performed analysis also offers tools for comparing different
theoretical models that describe neutron star matter and eval-
uating models within given class of models to obtain the best
quality of transition pressure determination.
The proposed method makes it possible to examine how
the dispersion of the transition pressure Pt may be sensitive
to changes in factors that have been used in the calculations
performed, with the most important one being the selected
model of the EoS. By carrying out a similar analysis for differ-
ent models within a given class of models or different model
classes, it can be estimated which theoretical model gives
the lowest uncertainty in the determination of the pressure
Pt . This enables one to compare the constructed confidence
bands for observable quantities with the observations. In that
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FIG. 6. The confidence bands I/I ± σI/I for the crustal frac-
tion of the moment of inertia I/I calculated for the bimodal
distribution function, for the selected model; results are given by
the solid line. I/Imin Vela denotes the lower limit of the possible
experimentally acceptable values of I/I from the Vela pulsar. The
dashed area is the one that is excluded by the constraints obtained for
the Vela pulsar.
way, knowledge of the uncertainty resulting from the used
theoretical model influences the interpretation of neutron star
observational parameters.
The presented method is designed for general application
in estimating uncertainties in determining neutron star prop-
erties that depend on the transition pressure Pt . The crustal
fraction of the moment of inertia I/I is of particular rel-
evance in this paper as it depends directly on the transition
pressure. The results can be related to the known experimental
constraint on the crustal fraction of the moment of inertia
obtained from studying the glitches of the Vela pulsar [41].
Within a given class of models and for models close to the
selected one under the assumption of linear approximation in







∣∣∣∣1 − 1.67ξ − 0.6ξ 2ξ
∣∣∣∣σPt . (39)
This approximation can be obtained considering that the ratio
of the pressure to energy density at the crustal region is a
small quantity [43]. As for applying the proposed method, the
approximate determination of the ±1σI/I confidence bands
for the I/I is presented. The results obtained for neutron
stars in a given mass range, which includes the mass of the
Vela pulsar [44], are shown in Fig. 6. The dashed area is
the one that is excluded by the constraints obtained for the
Vela pulsar. The points that lie between the confidence bands
satisfy the I/I constraint and thus from this figure it can
be seen that at the 1 − PσPt significance level [42] there is no
reason to reject the hypothesis that I/I for the Vela pulsar
is described by the selected model. The very low value of
I/I for the Vela pulsar is the reason why this limitation
is met over the entire mass range. By finding dependence
or correlations between transition pressure and observational
parameters, one can control the uncertainty resulting from the
theoretical model describing the star. Namely, the Pt disper-
sion allows to be transferred to the estimated dispersion of
the internal structure of the star. Thus, as the uncertainty in
determining the pressure value Pt at the core-crust interface
is transferred to the uncertainty in determining the position
of the inner edge of the crust, it also influences the precision
of determining the thickness of the crust. As it was presented
above, the transition pressure determined at the inner edge of
a neutron star crust relates closely to the crustal fraction of the
moment of inertia, which can be constrained based on obser-
vations of pulsar glitches. Knowing the moment of inertia of
the crust is necessary to estimate its thickness correctly. This
allows one to hope that theoretical calculations combined with
the observation effort will yield insight into the structure of
neutron stars.
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